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Abstract: In this paper, we deal with thproblemof maintenancelanningandproduction plannindor a
multiple-product manufacturing systermhe manufacturing system under consideration consists of one
machine which is subject to random failures and produeeeral products in order to satisfpme

random demands. At any given time, the machine can only produce one type of product. The purpose of
this study is to establish an economical production planning followed by an optimal maintenance
strategy, taking ito account the influence of production rate on the system degradation. Analytical
models are developed in order to minimize sequentially the prodwstticegecosts and the total
maintenance cost. Finally, a numerical example is presented to illuseatsefulness of the proposed
approach.

corrective maitenance rate problem in a multigleachine,
multiple-product manufacturing system. They obtained a near
The joint maintenance and production policies fopptimal control policy of the system through numerical
manufacturing system, which is subject to uncertainties sutdchniques by controlling both production and repair rates.
as machine failures, demand fluctuations, etc., has attracidkiFeng et al. @012) developed a mniti-product

the attention of several mearchers. The development ofmanufacturing systems problem with sequence dependent
industrial strategies (maintenance and production) hastup times and finite buffers under seven scheduling
become very important for industrial companies in order tpolicies.Sloan andShanthikumaf2000)presented a Markov
reduce their costs. In this contefdehayemet al. 011) decision process model that simultaneously determines
developed a method to find the optimal productionmaintenance and prodimt schedules for a multipieroduct,
repdacemenfrepairand preventive maintenanpeliciesfor a  singlemachine production system, accounting for the fact
degraded manufacturing syste@harbi and kend (2007) that equipment condition can affect the yield of different
assumed that failure frequencies can be reduced throuygfoduct types differentlyrilho (2005)developed a stochastic
preventive maintenance, and developed joint production adgnamic optimization model to solvenaulti-product, multi
preventive maintenance pdks depending on produced partperiod production planning problem with constraints on
inventory levels. An analytical model and a numericaflecision variables and finite planning horizon. Many works
procedure which allow determining a joint optimal inventoryvas developed in the same conté€Ktimru, 2011andKazaz
control and an age based on preventive maintenance polayd Sloan, 2013).

for a randomly failing production system was g@etel by
Rezget al. (2008) Several reviews have been published t

1. INTRODUCTION

él’he considered equipment is subject to randaitares. The
) : . ailure rate increases with time and according to the
i\u?gi;?;t ;T2o%?vgfﬁg:}iSgttz;szc?{g?ao et al. 2005, production rate. The machine undergoes a preventive
9 ' ' maintenance policy in order to reduce the occurrence of
This paper examined a problem of the optimal productidiailures. In the literature, thiafluence ofthe production rate
planning formulation of a manacturing system consisting of on thematerel degradation is rarely studied. In this study, we
one machine producing several products in order to meeke intoconsideration thignfluence in order to establish the
several random demands. The stochastic nature of the systgstimal maintenance strategy.
is due to the fact that demands are random and the maching is -
subject to random breakdowns. We consider thatfinite Es_se(t:i_ on t?etz\{od«)tf dHaJPTJ e: al.d(%009_, 2010, 20111;he_ |
production horizon is divided into stgeriods. At any given objective o IS study 1S 1o deteérmin€é an economica

subperiod, the machine can only produce one type oduction _plan followed b_y an optimal maintenance
product. strategy. Firstly, for a given randomly demand, we

5 established an optimal production pleavhich minimizes the
This problem was studied bfKennZ et al. 2003). They average totaktorageand production costs. Secondly, using
presented the analysis of the production control arttle optimal production plan obtained and its influence on the



manufacturing system failure rate, we established an optin Period? Period k

maintenance scheduling which minimizes the maimeea

total cost.

=1 =2 =3 Sub-period j |
. . . . " |
This paper is organized as follows: In section 3, we devel| — S B ----- +—t--- {---
the production policy. The maintenance strategy is stated | 5. 9. 1 S 8 wenripn

section 4. A numerical example is presentedséation5.

Finally, the conclusion igivenin section 6.

2. NOTATIONS

Fig.1.Repartition of the production plan

To develop this section, the following assumptions are
specifically made:

Cp; The un?t prod_uction cost of produicF o The setup time is negligible:
Cs; The unit holding cost of productluring Az
st; The Setup cost of product o Holding and production costof each product are
Mc  Cost of corrective maintenance known and constant;
Mp Cost of preventive maintenance o Onl_y a single product can be produced in each sub
Umex  Maximal production rate of productiuring Ar period;
H Thetotal number of production periods o The standard deviation of demandg/;;) and the
n The total number of produ.cts average demand, meanfor each product and each
p The total number of superiods period k are known and constant.hese two data
At Length of periods allow us to obtain/;, , the demand of each product in
O,  Length of the superiod each period.
dix Demand of produatin periodk In this study, we assume that the horizon isdgdig into H
o(d;;) Standard deviation of demand of producit equal periods and each period is divided intsubperiods
periodk with different lengths. We consider that= n (the total
) Probabilistic index (related to custom number of products).Fig. 1” shows the distribution of the
satisfaction) of produat production plan for the finite horizdid -Az. At any given
S,  Stock level of product at the end of the suk subperiod, the machine can only produce one type of
period product. The demand of each,produqtizlE n} is satisfied
Z() The total expected cost of production a at the end of each periad{4=1E H}.
inventory over the finite horizoH. At ) ) )
w()  The total cost of maint@mce The mathematical formulation of the proposed problem is
A Failure rate function based on the extension of the modescribed byHajej et al.
0 . . (2011) for the one product case study.
A()  Nominal failure rate
w()  The average number of failures Formally, the stochastic production problem is defined as
T Intervention period for preventive maintenan follows:
actions ) { 2 }
U;;x  Production rate of productin subperiod; of MinE (Z(U) )
the periock U=U,; Vi=l.n}{j=1.p}{k=1. H}
Vijk A binary variable qual to 1 if the product is With:
produced in suiperiod; of the periodk, and O ’
otherwise H p n |Vijk '(Sti +Cp; 'Ui,j,k)
up Unit produced 7(U) = ZE S
. kp)=(p—-j
mu Monetary unit o & & | +Cs, - —2em]) S (kp)-(pJ) 1)

3. PRODUCTION POLICY

3.1Problem formulation

The aim of this section is to develop an analytical model th

1 1
At
Where:E {. } : The mathematical expectation

Under the following constraints:

. 7.
ik p)~(p-i) = Sikepy-(p-iy-1 ¥ Vioji Ui jp =1t P d;

Vi{ii=l.nb{j=1.p}{k=1.H} )

allows us to determine theptimal production planU*,
(U* =u;,, ¥{i=1.n} {j = 1.p} {k= 1.H})

consequently, to determine the quantity and the type of

products to produce in each speriod. We recall thak  \yherens[-]: Integer part
represents the total number of produptthe number of sub
period andH the total nber of production periods. Figure

below shows an example of a production plan. Pmb(S‘,(lvp) > 0) 20, Vii=1.n}.k=1.H} ©)

1



(kxp)-(p-1) We suppose that the mean and variance of demand are known
0=U; jx STXUI-WV{I' =L.np{j=1..ph{k=1...H} (4)  and constant for each produén each period.
_ B 2 .
; E{dx} =@ and var{a,, } - (04, ) Vli=lonb{k=1..H}
2§(kx p-(p-i) = 't v {k =1... H} () Var{ d ,k} is the demand variance of produet periodk.
=

The first constrainder)otes the inventory balance ,equatiorrhe inventory variabl@ (ki p) (b ) is statistically described
for each product, {i=1E n} during each period, {k<=1E H}. _ ) "
The equationJ) refers to the satisfaction level of demand oPy Its mean:
producti in each periodk. The constraint(4) defines the . . ] .
upper production ratefdhe machine for each productThe E{ 3,(;@ p) (b j)} =3,(1k b, (p j.#{ = '}{ FE F}{* E |'}
aim of ©) is to divide each period intp different sub  We note that E{U LJ)

y ik =Gk =U,M becauseUl.’j,k is

periods. .
constant for each mtervé(lkxp)_(p_l.) .

Constraints below should also be taken into account: Then, the balance equation (2) can be converted into an
" L , equivalent inventory balance equation:

Yiix=1 ! {F & p}For{k E1 H} 6 . . | . IS
=L Qerrw = Few 02t Vi Yk '”,/(5( AL
)4
Ey,.,j,k =1 V{i=l..n}For{k=1..H} ) = {1.n} L {1.p} k= { 1.1} 10)
7=l

yi,_j,kU{O,l} V{i=1...n},{j=1...p},{k=1...H} (8) The service level constraint: |
The second step for transformed our problem into
deterministic equivalent formulation is to transform the
service level constraint into deterministic equivalent
constraint by specifying ce&in minimum cumulative
production quantities that depend on the service level
to 1 if the product is produced in superiod; of the period requirements.

k, and O otherwise.

The equations (6) and (7) mention that only one prodcah
be produced in superiod; of periodk. The constraint (8)

states thaty; ; , is a binary variable. We note thgt; , equal

Lemma 1:

)4
-1
We admit that the function 2(yi’j’k XUi’-/’k ) = Var(di’k )X(p (6’,- )+ di’k _Si’("'l)x”

- | . z . Z z p ) .
f(l,],k)' {I= E n} ,{:F =1 p} ,{ZLK E1l H} represents the i {1.n} E {1p} ke { 1.H}
cost of storage and quuction which is relative to the \yjiin:

proposed plan ang{.} denotes the value of the mathematical , 4 . . . o .
expectation. The quantity stocked of produett the end of - ( ')' Cumulative Gaussian distribution function

the subperiod j of period & is denotecﬁv(k! o) (b i) The ¢J_1(Hl-)2 Inverse distribution function
production rateequired to satisfy the demand of produat ~ Proof: (Contact author)
the end of period isU; ; ,, wherej is the subperiod during * The expected total cost of production

which the product s produced. ~ In this step, we proceed to a simplification of the expected
Thus, the problem formulation can be presented as followinggst of production and storage. Then, the expression of the
expected total cost @iroduction is represented as following:

3.2 The deterministic production model

N T ¥ |
U :Mm:E)/// f(i,jk)(Ui,jk’S,kp)!(pj))*& (9) Lemmaz2:

- &=t j=i=L & 2 )
'Yk ”(SF +Cp #u,jk) ) /
So our problem is to determine the decision ] 04SL p /
. ; : . . W &, £
varlables(Uiyjyk,yi,jk and! g oy (g j)), required to satisfy o 544 Inth) / (di,Q);/
) —1 = +
economically the various demands under the constraints segU)= /444 (9= )5
in the previous paragraph. k=1 j=1i=1’ " i) 4 p§i % I o & )
+Cs # P EPH y A ne L 2(g ) Y
* The inventory balance equation - 3 1t ﬂ'l gpl ( '*k) );
The stochastic inventory balaneguation is: : ; 2 ;,
/ 2 +(8 4w 509) Y-

. J 1.
Sitkpy-(p-i) = Sitkep)-p-iy-1 ¥ Vijuk Ui j = It [;} d;



. | :
n summary M, +M, xfOT/l(t)dt

The deterministic optimization problem becomes: Y= T (11)
Objective function: The aim of this maintenance strategy is to find the optimal
% % | #(St- < (w | )2) 8 period of prever?tn{e malntenar_\ce acn@‘smmlmlzmg the
' A S i total cost per unit time over a given horizon

/($l V4 )l* )
JH P +33 In[ d ! ( in)
Min, 333 . Ql[l

k=l =1 =l

(
S i
EE The &istence of an optimal preventive maintenance period
(5 T*, is proved in the literaturéLyonnet, 2000proved thatr*
)1 E exists if the failure rate is increasing.
+Cs. #(ma 0 %) #+3[nt+_ 12(a,,) (
~! + I=1 [P0 E(( In this section we will optimize the maintenance strategy
é( adopted which is a preventive mainteoa with minimal
% repair. From the production plan developed during the time

horizonH!"t, we determine the optimal number of sub

' ' 2
1 1 7+( K03)) )
Under the constraints bellow: periods{(k! p)" (P j)) after which the preventive
maintenance should be performed. We notet tlifa
((ktp)" (P j)) exceed#l !"t, no  preventive
lE {1.n},= {1.p} k= { 1.8} maintenance action is implemented.

N J "
> Qe = Qe o p 1t Yik! Wik '”,/T‘)(Sif&?‘k

A

p . .
> E (yi,j,k XUi,j,k ) > Var(di’k )x (]7_1 (6’, )+ di,k _ Si,(k—l)xp 4.2 Failure rate expression
/ Before determining the analytical model minimizing the total

i cost of maintenance, we need firstdevelop the expression

» 0=Uij; S%j) U,mmv{ },{j=1...p},{k=1...H} f the fail ¢ (l) H h P P b

. of the failure ra el(kxp)_(p_j) . Then, the average number
N 2(5 ceph(pj) =t v {k 1. H} of failures expressiom(T’U), during the finite horizokl !"t.

A(kxp)—(ru A(kxp (p - ( F)(H—l)
4. MAINTENANCE STRATEGY
Ui jx xAt
4.1 Description + 2 x§ X In (t)
4 Uimax (kx p)-( p- j)

The aim of this strategy is to define the iods of .

production that must begz)llowed by preventi\ﬂaintenance VZU[O’é(kxp) ] V{k =1 H} { =1. P} (12)
actions.Maintenance strategy adopted in this study is known

as preventive maintenance with minimal repair. Thesgfter simplifying, the failure rate expression becomes:
preventive actions are put into practice in the pesiot (s =

1,2...). The replacement rule for this policy is to replace tHeemmas3:

system with a new systeat each ! T. If the system fails

between preventive maintenance actions, only minimal repair

is implemented.

In this study, we assume that:
» Maintenance actions have negligible durations;

A=
» In the case of preventive maintenance, the systeérﬁkx”)‘(p‘/)( )=
becomes as ga as new; A ,,QxAt ( )
x4 |0
> Mp and Mc costs incurred by the preventive and ;22 Uinar *\0up)-(p-t) (@xp)-(r-1)
corrective maintenance actions are known and .
constant, with\/c>>Mp £ Ui x At 'ii(‘fo} )
Generally, ifA (2) is the finction of machine failure rat¢he k' (p EZ (kxp)=(p- /)
total maintenance cost per unit time is expressed p$00f_ contact.the aulhgrkxAt
following: - . (1)
Uinax X 9(kxp)-(p-j)



4.3 The expression of average number of failures. determine the optimal period ofgwentive maintenancg 70s

Generally the average number of failures in the case JPrmuIatmn is represented in (14).

maintenance with minimal repair is expressed during 8o our objective function is:
defined period and under operating conditions assumed to be

Min % (k i )
constant over time. Under these assumptions, the average  ( )
Bglrlr;t\)lir of failures for a period T isnessed by the relation . % Mp+/ U)$MC
' InIk#l p j ' (16)
TU)= (1 == oaewrt ke e
¢( ’U) f(t)dt (13) (r:ly:]_ u=1
The intervention period of our model is defined by:
ki1 p j 5. NUMERICAL EXAMPLE
I
T= ##1 Qo) (b #_1 (k) (p) (14) Let us consider a system that produces three products to meet

the random demands below. Using thedels described in
previous sections, we will determine the optimal production

Thus, plan. We will determine then the optimal number of
- !y (o) preventive maintenance minimizing the total cost of

= O/O(t)dt+ "%dt+E+ " %)#(r#i)(t) dt (15) maintenance over a finite planning horizdf=9 trimesters.

0 We considerthat the length of periodds = 3 months. We

Hence the number of failures during the interﬁéJT] is supposed that the standard deviation of demand of praduct

. is the same for all periodgs(d; ;)= o(d;;+1)= o(d;)). The data
expressekdlas Z(t)llowmg required to run this model are given in sequence.
)4

Dryy = ;2 Oxp)-(p-1) dt"' ZI kxp)-(p-1) dt . The data relating to production:
1

The mean demands:

Using the failure rate expression, the average number 9f_200 o(dy) =12 d =100 o(dy) =7 andd. =300 o(dy) =15
1~ > /= M2 = > 2= 1> 3= > 3=

failures can be preated as follows:

Lemma4: diy dip  diz  diy dis  dig  di;  dis  dig
, i=] | 210 189 217 194 210 175 208 197 199
&o i=2 | 102 90 93 100 101 99 95 97 99
€+Q$1” " Ui ya #% ( g i=3 | 315 310 292 288 280 302 330 325 310
T 2s d# $
ks1 p Olems( sﬂ% izt iz Vinas # Oaiep)s(psi) e i
P P)¥p . .
v ( I$1 n o H% Jdr The other data are presented as following:
T =y, - (4 Uiy,
cuo 2t i=1 Uimas # 908 p)s(ps) ((Q#p) (pw)) J Sio Uimax __Cpi Csi St; O;
" U, #% {=1 30 450 15 4 65 92
T#ln (1) i=2 | 100 330 22 7 80 87
i=1 Uimax #9(04p)s(ps1) + =380 620 10 3 75 90
&4
+k$1 pon _ Upgat% . The data relating to system reliability:
A = Ulmux#é d#p p$ﬂ
J Oensiosi) fjﬁlﬂ 1= (dr)s (1’$”) System reliability, costs and times related to maintenance
o= (0 U - actions are defined by the following data:
— d#
= 0 ’—1,—1 zmax#é(d#p) $(p$u) P)Str ﬂ . . .
" U 4% o The law of failure characterizing the nominal
£+ T #5,(1) g conditions is Weibull. It is defined by:
: = Urmax#a(k#p)$(p$l) 4

- Scale parametdl) : 20
- Shape parameté#) : 2
We recall that4, (¢) is the nominal rate of failures and the - Positionparamete(y) :0

failure rate A;.,,,_;(¢) depends on the production rate
Uy V=Lt {j=p} k=1 H}.

The decision variables sought in this policy are: the périod
and the sulperiod j*, after which we must intervene for a
preventive maintenance action. These variables allow us

o The initial failure rate 4, = 0

These parameters provide information on the evolution of
the failure rate in time.
This failure rate is increasing and linear over time. Thus the
f{,chtion of the nominal failure rats expressed by:



a-1

o t t
(=21 L] - 2x( L
B\ B 20| 20
* The obtained production plan:
Period 1 Period 2 Period 3
Or O O3 | O4 Os O | O7 O Og
023 109 162| 1.33 0.11 1.56 1 1.28 0.72
P1 0 0 272 | 223 0 0 0 190 0
P2 98 0 0 0 0 188 0 0 110
P3 0 357 0 0 211 0 327 0 0
Period 4 Period 5 Period 6
Ow Oz O12 [O13 O14 O15 | O16 O17  Oass
023 109 162 1.2 1.27 0.71] 027 1 1.63
P1 0 241 0 0 0 190 0 0 283
P2 0 0 194 | 175 0 0 0 134 0
P3| 213 0 0 0 396 0 292 0 0
Period 7 Period 8 Period 9
O Oz0 O21 | O2 O3 024 | Oz5 Oz Oz
1.33 111 056|162 133 0.11]| 1.56 1 0.28
P1 0 269 0 0 201 0 0 129 0
P2 | 159 0 0 125 0 0 0 0 107
P3 0 0 258 0 0 93 249 0 0

¢ The obtained maintenance strategy:

350F 4
3000
2501
2001

150

The total cost of maintenance Bk,jV

—— Mpi 550

—— MPH 100(

——— Mp# 2000

20

25 30

The periods of preventive maintenance [TV

failure, a minimal repair is carried out to restone system
into the operating state without changing its failure rate.

1tOs noted that the use of the optimal production plan in the
maintenance cost formulation is justified by the significant the
influence of the production plan on the system deter@rati

The primary objective of the study was to determine the
optimal production rates and when to perform the preventive
maintenance. Firstly, we have formulated a stochastic
production problem in order to obtain an optimal production
plan. Secondly, usinghe optimal production plan in the
maintenance problem formulation, we established an optimal
maintenance scheduling.
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